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ABSTRACT
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Algebraic graph theory deals with the interrelation between Graph Theory
and Algebra. Results of Algebra are used to solve problems in Graph Theory
and vice-versa. Some of the important problems in algebraic graph theory are
Matrix completion problems, minimum rank problems and problems in spectra of
graphs. Spectral graph theory is the study of relations between the structure of a
graph and the spectra of certain matrices associated to the graph. The associated
matrices include the adjacency matrix, the distance matrix and their normalized
forms. During our literature survey, we noticed some conspicuous gaps between
known results on spectra of graphs. For example, the complete classification of
all singular graphs was not known. We have tried to fill up certain gaps.

This thesis is the outcome of our study of the spectrum of the adjacency matrix
and the distance matrix of a graph and its relation to the structure of the graph.
It contains seven chapters. Overview of the thesis is as given below:

In the first chapter, we have tried to introduce Graph terminologies. This
chapter is an introduction to our investigation and subsequent findings.

In the second chapter, we derive a sufficient condition for a graph to be sin-
gular in terms of its graph properties. Moreover, we also derived some important
results in this direction.

In the third chapter, we establish a necessary and sufficient condition for a

graph G to be singular. Further, we characterize the nullity of a class of graphs.



In the fourth chapter, we have found the graph with maximal adjacency
spectral radius in a class of polycyclic graphs.

In the fifth chapter, we established ordering of graphs in terms of their ener-
gies in the class of unicyclic graphs with independence number 2, 3, respectively.

In the sixth chapter, we study the distance matrix of a graph and obtained
a graph transformations which effects in the distance spectral radius for a spe-
cial class of simple graphs. Also, we have determined the graphs with extremal
distance spectral radius in the class of tree like graphs.

In the seventh chapter, we have propésed some open problems for future

investigation.
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Chapter 1

Introduction

Algebraic graph theory studies the interrelations between graph theory and al-
gebra. Results of algebra are used to solve problems in graph theory and that
of graph theory are used to solve problems in algebra. Some of the important
problem in algebraic graph theory are Matrix completion problems, minimum
rank problems and problems in spectra of graphs. Spectral Graph Theory is the
study of relations between the structure of a graph and the spectra of certain
matrices associated to the graph. The associated matrices include the adjacency

matrix, the Laplacian matrix, the distance matrix and their normalized forms.

This thesis is the outcome of our study of the spectrum of the adjacency
matrix and the distance matrix of a graph and its relation to the structure of the
graph. During our literature survey, we noticed some conspicuous gaps between
the known results on spectra of graphs. For example, the complete classification
of all singular graphs was not known. This thesis is intended to fill up some of
these gaps. We also try to answer certain recent questions on the distance matrix

of a graph.
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1.1 Graph terminologies

By a graph G we mean a finite set of vertices V(G) and a set of edges E(G)
consisting of distinct, unordered pairs of vertices of V' (G). We only consider simple
undirected graph, i.e., graphs without loops and parallel edges. By |G| ( i.e., the
order of G ) we mean the number of vertices in V(G), and d(v) denotes the degree
of a vertex v in G. For two vertices u and v in G, dy, denotes the distance ( the
length of a shortest path between u and v ) between u and v. We use the standard
notations C,, K,,; P, and S, to denote the cycle, the complete graph, the path
and the star, respectively, on n vertices. For some n, the complement of K, (

i.e., a graph having no edge ) is called an empty graph.

If G; = (W4, Ey) and Gy = (V;, E») are two graphs on disjoint sets of m and n
vertices, respectively, then their union is the graph GiUG,; = (ViU V,, EyUEy). A
k-matching M in G is a disjoint union of k paths of length one. If ey, e, ..., € are
the edges (components) of a k-matching M, then we write M = {ej1,€,...,€x}.

If the order of G is 2k, then a k-matching of G is called a perfect matching of G.

A tree is a connected graph without a cycle, and a unicyclic graph is connected
and has exactly one cycle. The cycle of a unicyclic graph G will always be denoted
by C. Then, the number of vertices on C is called the girth of G. A tree ( resp.
a unicyclic graph ) on n vertices has exactly n — 1 ( resp. n ) edges in it.

If S is a set of vertices and edges in a graph G, then by G — S we mean the
graph obtained from G by deleting all the elements of S. It is understood that

when a vertex is deleted, all edges incident with it are deleted as well, but when an

edge is deleted, the vertices incident with it are not. If H is an induced subgraph
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of G and v is a vertex not in V(H), then by H +v we mean the subgraph induced
by the vertices in V(H) U {v}. :

We say that a graph <y is attached at a vertex v of G to mean that a new
graph is obtained by joining v and a vertex of ¢y by an edge. With this notion, a
unicyclic graph is seen as a graph obtained by attaching a finite number of trees
at vertices of cycle. Moreover, if we attach any tree at any vertex of a unicyclic
graph, the resultant graph will be unicyclic.

If G is a graph and v € V(G), then a component of G — v not containing any
vertex of C is called a tree-branch of G at v. In particular, the tree-branches at a

vertex on C are the trees attached to it. We say that a tree-branch is odd (even)

if its order is odd ( even).

1.2 The adjacency matrix of a graph

If V(G) = {v1,va,...,v,}, then the adjacency matriz of G, is defined to be
A(G) = [as;)}n, where

s = 1, if v, and v, are adjacent,
71 0, otherwise.

Clearly, A(G) is a non-negative real symmetric matrix.

Example 1.2.1. Consider the graph Gy of Figure 1.1. Then
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m V4
U5
vg U3
G
Figure 1.1:
01110
10100

AGi)=11011 1
10101

00110

The characteristic polynomial of A(G),
P(A(G);z) = det(zI — A(G))

where I is the unit matrix of order n, is called the characteristic polynomial
of G and is denoted by P(G;z). Since A(G) is a real symmetric matrix, all
its eigenvalues are real and their algebraic multiplicities equal their geometric

multiplicities. The spectrum of G is defined as
0(G) = (M(G), X2(G), -+, Mn(G)),

where )\;(G) are the eigenvalues of A{G). Throughout this thesis we will be using

that X;(G) are written in descending order, that is,
M(G) 2 X(G) =2 -+ 2 M(G).
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- The algebraic multiplicity of the eigenvalue 0 in ¢(G) is called the nullity of G
and is denoted by 7(G). A graph G is said to be singular ( resp. nonsingular) if
A(G) is singular ( resp. nonsingular). It is clear that G is singular if and only if G
has a connected component which is singular. In particular, if G has an isolated

vertex, then G is singular.

1.3 Singularity of a graph

The problem of characterizing a singular graph by its graph theoretic properties
is a classical problem which was first posed by Collatz and Sinogowitz [13] almost
fifty years back. The search for such a characterization was important in many
disciplines of science which use spectra of graphs. For example, the occurrence
of a zero eigenvalue in the spectrum of a graph ( especially a bipartite graph)
associated to the structure of a molecule ( like that of a hydrocarbon) indicates
chemical instability of the molecule. Several partial answers to this central ques-
tion are known for long, but a complete characterization of a general singular

graph by its graph properties is still not known.

Theorem 1.3.1. [16] If v is a pendent vertez of a graph G and u is the vertez

in G adjacent to v, then, n(G) = n(G — u — v).

Theorem 1.3.2. [17] Let G; and G, be bipartite graphs with n(G1) =0. If G is
obtained by joining an arbitrary vertex of Gy by an edge with an arbitrary vertez

of Ga, then (@) = n(G,).
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Theorem 1.3.3. [16] If g is the mazimum number of mutually nonadjacent edges
in a tree T' having n vertices, then n(T) = n — 2q. In particular, a tree is nonsin-

gular if and only if it has a perfect matching.

Theorem 1.3.3 was generalized to the case of bipartite graphs not containing
cycles of lengths 4s (s = 1,2,...) by Cvetkovié et al. [17] in 1972. However,
there has not been much development on the problem in this line for last several
decades, though the problem is still relevant. For some recent developments on
singularity of graphs in very specific situations, see [52, 55, 49, 50].

In Chapter 2, we derive a sufficient condition for a graph to be singular in
terms of its graph properties. Moreover, we also derived some important result
in this direction.

In Chapter 3, we give a necessary and sufficient condition for graph to be

singular. Using our results we completely determined the nullity of #-graphs.

1.4 Adjacency spectral radius

The largest eigenvalue A;(G) is known as the spectral radius of G. If G is con-
nected, then A(G) is irreducible, and by the Perron-Frobenius theory, A1(G) is
simple and is afforded by a positive eigenvector, called the Perron vector.

The spectrum of a graph arises in a variety of applications in organic chemistry,
where the energy levels of certain molecules ( such as polycyclic hydrocarbons) are
essentially the eigenvalues of the graph of the molecule [53]. It is well known that

the spectrum of a graph does provide a wealth of information about the graph.

[6]
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The spectral radius of a graph is an important invariant related to structure. The
investigation of spectral radii of graphs is an important topic-in graph spectra,
and it is directly related with several parameters (the chromatic number, the
independence number and the clique number, etc.). For results on the spectral
radius of graphs one may refer [8, 9, 7, 11, 12, 15, 30, 31, 33, 61, 62, 64] and
the references therein. The problem concerning graphs with maximal or minimal
spectral radii of a given class of graphs has been studied extensively. The spectral
radii of trees, unicyclic graphs and bicyclic graphs have been studied by many
authors [11, 12, 31, 33, 61, 62]. Guo [30] determined the graphs with the largest
spectral radii among all the unicyclic and bicyclic graphs with n vertices and k-
pendant vertices respectively. The cacti are a class of polycyclic graphs in which
any two of its cycles have at most one common vertex and the spectral radius of
cactus has been studied by many authors [7, 61]. Motivated by these facts we

will study the spectral radius of a class of polycyclic graphs in Chapter 4.

1.5 Energy of a graph

Spectra of graphs has important applications to fields like quantum chemistry.
Though the graphs which are of interest in chemistry belong to a rather restricted
class of graphs, this class is sufficiently large and many relevant nontrivial ques-
tions can be posed which are even difficult in Graph Theory. The graphs that
the chemists are interested in are all connected, planar and in most of the cases
have restrictions on the vertex degrees. A cycle of length three seldom appear in

chemical graphs, but cycles of higher length can do. Regular graphs also appear
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very rarely.

In 1931, Hiickel [37] suggested a discrete linear model for the highly nonlinear
analytic theory of energy of molecules in Quantum theory, whereby a connec-
tion between the energy of hydrocarbon molecules and spectra of the associated
graphs was observed. The theory is known as Hickel Molecular Orbital (HMO)
Theory in quantum Chemistry. In certain situations, the eigenvalues of the graph
associated to the structure of a molecule can be interpreted as the energy levels of
an electron in the molecule. In HMO, the connection between the so-called total
mw-electron energy is associated to the sum of the magnitudes of the eigenvalues of
the associated molecular graph. A brief mathematical formulation of the theory
can be seen in Section 8.1 of [15]. This prompted Gutman [23] in 1978 to define
energy of a graph as follows: If G is a graph of order n with eigenvalues );, where

1=1,2,--+,n, then the energy of G is

E@) =3I\

2=1

In the literature, there is no standard algebraic expression ( formula) readily
available for the sum of the magnitudes of the roots of a polynomial in terms of
its coefficients. Hence finding energy of a graph without actually obtaining the
spectra is a non-trivial task. The best-known formula for energy of a graph G
with characteristic polynomial P(G;z) was obtained by Coulson in 1940, and is

in the form of an integral:

_ L[, B#Gia)
E(G) = W[m [n (G .iz) }d:v 15.1
= -}F[: [n —~3:a% In¢(G, za:)] dz.

The formula (1.5.1) is known as the Coulson’s formula for energy.
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If
P(G;z) = Z a;z" ",

$==0

then (1.5.1) gives
1 [*dz (/2] . i n/2] X . ’
E(G) = "2"’; '2';2‘ In Z (—1)‘7&2]'.’112] + Z (—'1)‘7(1,2_7'4.1:132]4_1 .
—o 3=0 7=0

The above formula gives a way to compare energy of certain graphs.

Some experimental studies in Quantum Chemistry had pointed towards a sim-
ple regularity that the energy of a graph increases with the increase of the number
of vertices ( say n) and edges ( say m). A famous approximation, quantifying the

above regularity, is the McClelland formula [46]
E(G) = av2mn; a = 0.9,

which was found chemically highly satisfactory (see [23] for details). A naive
extension of this rule to all graphs resulted in the conjecture by Gutman [23] in
1978 that among n-vertex graphs, the complete graph K, has maximal energy.
This conjecture was disproved first by Chris Godsil in the early 1980s, and there
exist graphs whose energy exceeds E(K,,). A graph G, such that E(G) > E(K,),
is called hyperenergetic. There exist hyperenergetic graphs on n vertices, for
every n > 9. Walikar et al. [60] proved in 1998 that the line graph of K, is
hyperenergetic, for n > 5.

Though several lower and upper bounds for E(G) were known, a very simple

and elegant bound has been observed only very recently. Gutman [24] has shown

in 2000 that

2vm < E(G) < 2m,

[9]
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and, if G has no isolated vertex, then

E(G)<2Vn—1 15.2

Moreover, the bound (1.5.2) is sharp if and only if G is the n-vertex star S,,.
The following bounds for energy is known for long as McCelland inequalities,

and was obtained by McCelland [46] in 1971.

V/2m -+ n(n — 1) det A(G)|? < B(G) < vamn,

In 1978, Gutman [23] had shown that

E@G) < 37? + J (n—1) {Zm— (%’ﬁﬂ - B,.

For a k-regular graph G, k = 3{?, and we get, as an immediate consequence of

(15.3),

{ E(G) <k++k(n-1)(n—k)= B,.

There are regular graphs (all complete graphs for example) for which the equality
in (1.5.2) holds. In other words, the bounds B, and B, are both sharp. Recently,
using (1.5.2) Balakrishnan [2] has shown that given e > 0, there exists a k-regular
graph G of order n with £ < n — 1 and %? < ¢, for infinitely many values of n.

Koolen et al. [40] has improved the upper bound (1.5.3) for bipartite graphs

in 2003 and proved that for such graphs

E(G) <2 (37?) + J (n-2) {2m _2 (?nﬁ)z} | 153

Moreover, they found an upper bound without involving of m for the energy of

bipartite graphs,

B(G) < =(V2+ V),



Chapter 1 Introduction

and characterized the graphs for which (1.5.3) and (1.5.4) are sharp.

Graphs with extremal energies in certain classes of graphs have been studied
by several authors and we present below some of the known results.

Graphs with extremal energy have been determined for n-vertex trees [22, 41,
66] and n-vertex trees with perfect matchings [65]. For a given positive iﬁteger
d, the tree with the minimal energy having diameter at least d is determined in
[36]. In [63], trees with the smallest and the second smallest energies in the class
of trees having matchings of a given size are characterized.

Let S2 be the graph obtained from the star graph S, by adding an edge. For
n > 6, it is proved in [35] that S2 is the unique graph having minimal energy
among all unicyclic graphs of order n.

Caporossi et al. [10] conjectured in 1999 that among all n-vertex unicyclic
graphs, C,, has the maximum energy for n < 7 and n = 9,10,11,13,15. For
other values of n the graph PS is the unicyclic graph having the maximum energy,
where P? is obtained by attaching P,_g to one of the vertices of Cs. In [35], Hou
et al. attempted in 2002 to solve the problem, but succeeded only partially.

In Chapter 5, we give ordering of graphs in terms of their energy among all

unicyclic graphs with independence number 8 = 2,3.

1.6 Distance spectra of graphs

The distance between two vertices u,v € V is denoted by d,, and is defined
as the length of the shortest path between u and v in G. The distance matrix

D = (dyy)upev is a symmetric real matrix, with real eigenvalues [15]. The distance
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spectral radius p(G) = pg of G is the largest eigenvalue of the distance matrix D
of the graph G.

Distance energy DE(QG) is a newly introduced molecular graph-based analog of
the total m-electron energy, and it is defined as the sum of the absolute eigenvalues
of the molecular distance matrix. The distance spectra of trees and unicyclic
graphs have exactly one positive eigenvalue, and therefore the distance energy
for trees and unicyclic graphs is equal to the double of distance spectral radius
6, 47].

The distance spectral radius is a useful molecular descriptor in QSPR mod-
elling, as demonstrated by Consonni and Todeschini in [14]. For more details on

distance matrices and distance energy one may refer to [39, 51, 57].

Balaban et al. [1] proposed the use of p(G) as a molecular descriptor, while in
[28] it was successfully used to infer the extent of branching and model boiling
points of alkanes. Recently in [68] and [69], Zhou and Trinajsti¢ provided upper
and lower bounds for p(G) in terms of the number of vertices, Wiener index and
Zagreb index. Balasubramanian in [5, 4] pointed out that the spectra of the
distance matrices of many gra,;)hs such as the polyacenes, honeycomb and square
lattice have exactly one positive eigenvalue, and he computed the spectrum of

fullerenes Cgg and Crg.

Bapat et al. in [6] showed various connections between the distance matrix
D(G) and the Laplacian matrix L(G) of a graph. Bapat in [5, 6] calculated the
determinant and inverses of the distance matrices of weighted trees and unicyclic
graphs. Merris in [47] obtained an interlacing inequality involving the distance

and Laplacian eigenvalues of trees.
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Let e = uv be an edge of the connected graph G such that G’ = G — e is also
connected, and let D’ be the distance matrix of G — e. The removal of e does not
create shorter paths than the ones in G, and therefore, d;; < d;; for all 3,5 € V.

Moreover, 1 = d,, < d,,, and by the Perron-Frobenius theorem, one can conclude

that

p(G) < p(G —e). 1.6.1

In particular, for any spanning tree T' of G, we have that
p(G) < p(T). 162

Similarly, adding a new edge f = st to G does not increase distances, while it
does decrease at least one distance; the distance between s and ¢ is one in G+ f

and at least two in G. Again by the Perron-Frobenius theorem,

p(G + f) < p(G). 163

Inequality (1.6.3) tells us immediately that the complete graph K, has the
minimum distance spectral radius among the connected graphs on n vertices,
while the inequality (1.6.2) shows that the maximum distance spectral radius
will be attained for a particular tree.

G. Indulal in [39] has found sharp bounds on the distance spectral radius and
the distance energy of graphs. In [38] Ili¢ characterized n-vertex trees with given
matching number m which minimize the distance spectral radius. Liu has char-
acterized graphs with minimal distance spectral radius in three classes of simple
connected graphs with n vertices: with fixed vertex connectivity, matching num-

ber and chromatic number, respectively in [45]. Subhi and Powers in [58] proved

TILF?
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that for n > 3 the path P, has the maximum distance spectral radius among
trees on n vertices. Stevanovié¢ and Ili¢ in [57] generalized this result, and proved
that among trees with fixed maximum degree A, the broom graph has maximum
distance spectral radius and proved that the star S, is the unique graph with
minimal distance spectral radius among trees on n vertices. The investigation on
the spectral radius of graphs is an important topic in the theory of graph spectra.
Recently, the problem of finding all graphs with maximal or minimal distance
spectral radius among a class of graphs has been studied extensively.

In Chapter 6, we study the distance matrix of a graph and obtained some graph
transformations which effects the distance spectral radius of graphs. Applying our
transformation, we determine the graphs having maximal and minimal distance
spectral radius among the tree like graphs.

Lastly, in Chapter 7, we give some open problems for future research.
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Singularity of graphs

In this chapter we derive some results regarding the singularity of graphs.

2.1 Introduction

Let G be a simple graph. The multiplicity of 0 as an eigenvalue of A(G) is the
nullity of G and is denoted by 7(G). For a singular graph G, the eigenvectors of
A(QG) corresponding to the eigenvalue 0 are the null-eigenvectors of G and the
null-space of A(G) is the null-space of G.

We will use the following well-known results in computing the nullity of a
graph.
Theorem 2.1.1. [16] Let v be a pendent vertez of a graph G and u be the vertex
in G adjacent to v. Then 7(G) = n(G — u — v), where G — u — v is the induced

subgraph of G obtained by deleting u and v.

Theorem 2.1.2. [52] Let G be the graph obtained by joining the vertez = of a

graph G to the vertex y of a graph Gy by an edge. Then

det A(G) = det A(G) det A(Gq) — det A(G; — z) det A(G2 — v).
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Theorem 2.1.3. [52] Let Ps[1,2,3,4,5,6] be an induced subgraph of G with
deg(2) = deg(3) = deg(4) = deg(5) = 2. If H is the graph formed from G —

{2,3,4,5} by joining vertices 1 and 6 with an edge, then det A(G) = det A(H).

Corollary 2.1.4. [52] Let C4[1,2,3,4,1] be a subgraph of G, where deg(1) = 2.
If Gy is the graph obtained from G by removing the edges [2,3] and [3,4], then

det A(Go) = det A(G).

2.2 Some useful results regarding the singular-

ity of a graph

Let V(G) and E(G) denote the vertex set {vi,vs,...,v,} and the edge set of
a graph G, respectively. The neighborhood of a vertex v € V in G is defined
to be N(v) = {u € V(G)| wv € E(G)}. A nonzero vector (a1,02,...,05)" is &

null-eigenvector of G if and only if for each v, € V(G) we have 3, n(,,) 2 = 0.

Definition 2.2.1. [49] A pair V4, V; of subsets of V(G) is said to satisfy property

(N) if
(a) Vi and V; are nonempty and disjoint, and

(b) U'UEVI N(’U) = UveV1 N(U)

Further, such a pair is said to be minimal satisfying the property (N) if for any

pair Uy, Us of subsets of V(G) satisfying the property (N) with U; C V4, U; C Vs,
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we have Uy = V3, Uy =V,

1 2
3 4
Figure 2.1: C;4

Example 2.2.2. For the cycle Cy in Figure 2.1, V; = {1,2}, V2 = {3, 4} is a pair
satisfying property (N). But V1, V; is not a minimal pair as Uy = {2}, U = {4}

is a pair with property (N) and Uy C V3, Uy C Vs

Theorem 2.2.3. [49] Let G be a connected graph on n > 2 wvertices. If G is

singular, then V(G) has a pair of subsets satisfying the property (N).

Theorem 2.2.4. [49] A unicyclic graph G is singular if and only if there is a

pair of subsets V1, Vo of V(G) satisfying the property (N).

Definition 2.2.5. [49] A pair V4, ¥, of subsets of V' (G) is said to satisfy property
(S) if it satisfies the property (N) and for all pairs u,v in V;, ¢ = 1,2, we have

N{@)NN{v) =0.

Example 2.2.6. In Figure 2.1, the cycle Cy4 has Uy = {2}, Us = {4} as a pair

satisfying property (S).
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Theorem 2.2.7. [49] Let G be a graph and suppose that V(G) has a pair of

subsets Vi, Va satisfying the property (S). Then G is singular.

Corollary 2.2.8. [49] Let G be a graph with the pair Vi, Va of subsets of V(G)

satisfying the property (S). Let a; be defined by

4

1 ’if’Uj e W,
=9 -1 ifv, €V, 221

0 otherwise.

\

Then (ay, a2, ..., an)" is a null-eigenvector of G.

2.3 Singularity and determinant of a graph

The following Theorem is one of the main results of this chapter, which gives a

sufficient condition for G to be singular.

Theorem 2.3.1. Let G be a graph with a nonempty subset V; of V(G), such that

U M)

vEV]

<nl-1

Then G is singular.

Proof. Let G be a graph with a nonempty subset V; of V(G), such that

U M)

veW;

<wl-1
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Let Vi = {v1,v,...,v,}. Consider the equation } > ; a;R, = 0, which is equiva-

lent to the system of n equations

P
> aR;=0,j=12,...,n 2.3.1

i=1

Since at least n —p + 1 vertices are absent in (J,¢y, N(v), so at least that many

equations in 2.3.1 take the form

f: a,0 = 0,
gzl

which can be omitted. Thus we are left with at most p— 1 homogeneous equations
in p variables, which have a nonzero solution. As a consequence, the rows of A(G)

are linearly dependent, implying that G is singular. u

Example 2.3.2. The graph G1(V4, Ey) in the Figure 2.2, is singular. Since the

subset U = {7,8,9,1,2} of V; is such that |U| =5 and

lU{N(z‘)| i€ {7,8,9,1,2}}| =4

We can see that G’ is singular, where vertez of set G' 1s V' =V, UV, and edge
set of G', E' = Ey U Ey U E3 where Go(Va, Ey) is any graph and E3 C {uv| u €

{3,4,5,6},v € Vo}.

Corollary 2.3.3. Let G be a graph of order n. If there exists a subset U of V,
the vertex set of G, such that U is a vertex independent set and |U| > %, then G
is singular.
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Figure 2.2: A singular graph which satisfies the condition of Theorem 2.3.1

Proof. Since U is vertex independent set, therefore

|U{N@)|velU} < n-|U|

Hence G is singular. )

Corollary 2.3.4. Let G be a bipartite graph with bipartition Vi, Va, such that

Vi| # |Va|. Then G is singular.

Corollary 2.3.5. Let G be a bipartite graph with bipartition (2, ®) and A C Q,

if there exists no matching in G that covers the vertices in A then G is singular.
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Proof. By Hall’'s theorem, there exists at least one subset B of A such that
|N(B)| < |B|, where N(B) is the set of all vertices in § adjacent to a vertex in

B. Therefore G is singular. N

Corollary 2.3.6. If in G there exists a subset Vi of V such that

U M)

vEVL

then m(0) > X where m(0) denotes the multiplicity of zero as an eigenvalue of G.

Proof. Since |UJ,ey, N(v)| = [Vi] — A, by Theorem 2.3.1, G is singular. To get
the highest order non vanishing minor of A(G), we shall have to remove at least
) rows out of those represented by v in V. Therefore, rank(G) < n — A and so
m(0) > A. u
Corollary 2.3.7. If in G there exists an induced subgraph X(m, f), such that
there are no disjoint subsets V1,Va of V with U,ey, N(v) = Uyey, N(v), then
m(0) <n—m.

Proof. Let V(X) = {v1,vs,...,um}. The given condition and Theorem 2.3.1

together imply that X is nonsingular. Now out of the rows of A(G), at least m

rows are linearly independent. Therefore m(0) < n —m. )

Theorem 2.3.8. If there exisis a subset U of V) in G such that

U N(v)

vel

Ul =

I

then det G’ == det G, det Gy where G' is a graph obtained by joining a vertez z in

(UN(v)) ~U

vel
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with any vertex y in any graph Gs.
Proof. By Theorem 2.1.2, we have
det G’ = det G; det G2 — det(Gy — z) det(Ga — y).

Since z € (UveU N ('v)) — U we will have a nonempty subclass U’ of V', the
vertex set of Gy — x, such that |U’| > |U,epr N(v)| . Therefore det(Gy — z) =0
and hence det G’ = det G; det Go. u

Theorem 2.3.9. Let Ps be an induced subgraph of G with deg(2) = deg(3) =
deg(4) = deg(5) = 2. If there ezists a subset U of V such that 2,3,4,5¢ U,1€ U,

6 € Uiy N() and |U| = |U;ep N(3)|, then G is singular.

Proof. Let H be a graph formed from G — {2, 3,4,5} by joining 1 and 6 by an
edge. By Theorem 2.1.3, det G = det H. hSuppose N@1)e S, 6 €l S, N(i). Since
deg(2) = deg(3) = deg(4) = deg(5) = 2 and N(1) € S, therefore 2 € | J_, N(3)
in G.
Again in H, 2 ¢ |J_; N(¢) and 2 is replaced by 6. But, since 6 already exists
in |JI_; N(@) in G, so for H we get a nonempty subclass S’ of N(H) such that
19 > lUN(i)eS' N(i)l :

Therefore det H = 0 and so G is singular. m

Example 2.3.10. The graph in Figure 2.3 with U = {1,7,8,9}, satisfies all
the conditions of the Theorem 2.8.9 for any induced subgraph G1,G> and Gs.

Therefore the graph is singular.
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[ T3
5

oo

9

Figure 2.3: A singular graph which satisfies the condition of Theorem 2.3.9
Theorem 2.3.11. Let Cy = [1,2,3,4,1] be a subgraph of G where deg(l) =
2. If there exists a subclass S = {N(1),N(2),...,N(p)} of N such that 3 ¢
U N(),i# 2,4;2,4 ¢ N(), Vi+#3 and N(1) ¢ S and either N(2), N(3) € §
or N(3),N(4) € S and also |S| = 'UN@)GS N(z)’ — 2, then det G’ = 0, where G’

is a graph obtained from G by removing the edges [2,3] and [3,4].

Proof. Let G’ be the graph obtained from G by removing the edges [2,3] and
[3,4]. Therefore, by Corollary 2.1.4 detG = detG'. suppose N(2),N(3) € S,
since 3 ¢ \Jf_, N(3), i # 2,4; 2,4 ¢ N(i), Vi # 3 and N(1) ¢ S therefore 2,3,4 €
Unes NV(2) in case of G but 2,3,4 ¢ Up;yes N(9) in case of G'. Therefore we
get a nonempty subclass §' of N(G') in G’ such that || > |Uyges V()|
Therefore det G = 0, det G’ = 0. Similarly considering N(3), N(4) € S we can
show det G =det G’ = 0. n

Example 2.3.12. The graph G in Figure 2.J satisfies the conditions of the The-
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1 2
4 3
- 10 Gy
G2
G
1 2
Pl
4 3
G
7 10 1
8 g J—— }
G
GI

Figure 2.4: A graph which satisfies the conditions of the Theorem 2.3.11

orem 2.3.11 for any induced subgraph G, and Ga. Therefore G’ is singular.
Corollary 2.3.13. Ifdet Gy = 0 or det G, = 0, then det G' = 0.

Theorem 2.3.14. If in a graph G there exist two disjoint subsets U W of V,
the vertez set of G such that ),y N(v) = Nyew N(v) and N(v1) UN(vg) =V
Yoy, vg € U, vy # vy and Yvy, vy € W, vy # vs, then detG = 0, where G is the
complement of G.

Proof. Let us denote the neighborhood of any vertex v in G by N'(v). Then
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N'(v) = N(v), where N(v) is the neighborhood of v in G. Now

(Y N@) =) N)

vel veW
= | JN@) = | N()
vel veW
= |JN@) = | Nw).
vel veW

Again
N(vl)UN(vz) =V
Which gives N(v) (YN (v) = ¢ for all v1,v2 € U, v; # vy and for all v;,v, € W,

vy % vy. Thus detG = 0. u

Theorem 2.3.15. If in a graph G there exist p vertices vy, Vg, ...,V such that

F4
ﬂN(v,,) >n—p+1,
=1
then det G = 0.
Proof. We have
¥4
ﬂN(v,-) >n—p+1
i=1
P
=> ﬂN(vi) <n—(n—-p+1)
=1
P
= | JN@)| < (-1
i=1
p
= || JN@)| < (-1
i==]

Therefore det G = 0.



Section 2.3 Singularity and determinant of a graph

Definition 2.3.16. The tensor product of two graphs G; and Ga, denoted by
G1 A Gz, has the vertex set V = Vi X V5 and (ua,v1), (ug,v2) € V' are adjacent in

G1 A Gy if only if [u1,ug] € Ey and [ug,v0] € Es.
Theorem 2.3.17. If G is a graph such that there exists a subclass
S ={N(v1),N(va),...,N(v,)}

of N such that || J}_, N(v.)| < p, then det(GA Gy AGy A ... AGy) = 0. For

any graph G,, i = 1,2,3,...,k the multiplcity of zero as an eigenvalue of G' =

GAGi NGy A... NGy is at least H"c n, where n; is the number of vertices in

gz

G;.
Proof. Let
S = {N(u,u1,us,...,u)|N(u) € S}.
Then
IS|=pXmn; Xngx...Xng.

Also

P
Un@esN (@) € {(ww, ..., u),u € | N ()}

=1

But

<(p-1)

U N(v;)

k
= _<_(p—1)xnlxng...xnk=lS|—~Hni

i=1

U N

N(z)es

26|
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Which gives
k
N(u)esS =1
Therefore det(G A Gy AGa A ... AGy) = 0 and m(0) > [[%_; n.. u

Definition 2.3.18. The total graph T(G) of a graph G has the vertez set VUE

and two vertices of T(G) are adjacent if one of the following holds
(a) they are v;,v, € V and [v;,v;] € E,
(b) one isv € V and the other e € E and e is incident with vertez v in G,
(c) they are e;,e; € E and the edges e;, e; are adjacent in G.

Theorem 2.3.19. If G is singular, then there exist two disjoint subsets X and Y
of the vertez set of T(G) such thatJ,cx N(v) and U,y N(v) have some vertices
in common and the remawning vertices in each of the unions are adjacent to at
least one of the remaining vertices of the other union and are adjacent to exactly

one of the common vertices.

Proof. Let det G = 0. Then there exist two disjoint subsets Uand W of V, the
vertex set of (G such that

U M) = N) = Q(say).

veX VEY

Now consider X and Y as subsets of vertex set of T'(G) then | J o x N{(v) = QUW,
Uvey N(v) = QU W, where W, and W; are the sets of edges from X to § and
from Y to § respectively in G, (U,ex N(¥)) N (Uyey N(v)) = V and obviously
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the vertices in W; and W, are adjacent to at least one vertex in each other and

exactly one vertex in 2. u



Chapter 3

Singularity of 6-graphs

In this chapter we establish a necessary and sufficient condition for a graph G to
be singular. Further, we have characterized the singularity of §-graphs and have
found the nullity of §-graphs.

3.1 Introduction

In the following we list some fundamental concepts which are useful for our pur-

pose.

Definition 3.1.1. A bicyclic graph is a simple connected graph in which number

edges equal the number of vertices plus one.

The cycle and the path on n vertices are denoted by C,, and P,, respectively.
Let C, and C, be two vertex-disjoint cycles. Suppose that v is a vertex of C, and
vy is a vertex of C,. Joining vp and v; by a path vov; ... v of length [, where [ > 0
( I = 0 means identifying vy with v;), the resulting graph is called an oo-graph
and is denoted by co(p, !, q) [ see Figure 3.1]. We denote by B,*, the class of all

bicyclic graphs that have an oo-graph as an induced subgraph.
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Let P1, Ppy1 and Py be three vertex-disjoint paths, where min{p,l,q} > 1
and at most one of them is 1. Identifying the initial vertices and the terminal
vertices of Pjy1, Ppy1 and Py, respectively, the resultant graph is called a 6-
graph and is denoted by 8(p,l,q). By B;*, we denote the class of all bicyclic

graphs that have a f-graph as an induced subgraph.

Ppy1
....... . P
(1] Uy
Foq1
oo(p,1,q) 6(p,1,q)

Figure 3.1: co-graph and #-graph

Thus the class B, of bicyclic graphs can be partitioned into two classes: the
class of graphs which contain an oo-graph as an induced subgraph and the class

of graphs which contain a #-graph as an induced subgraph i.e., B, = B;, U B;".

Definition 3.1.2. A bicyclic graph G which is either a #-graph or obtained by

attaching some pendent vertices to a -graph is called an elementary 6-graph.

We will use the following well-known results in computing the nullity of a

graph.

Theorem 3.1.3. [16] Let v be a pendent vertez of a graph G and u be the vertex
in G adjacent to v. Then, n(G) = 9(G — u —v), where G — u — v is the induced

subgraph of G obtained by deleting v and v.



Chapter 3 Singularity of #-graphs

Theorem 3.1.4. [15] A path with four vertices of valency 2 in a graph G can be

replaced by an edge [ see Figure 3.2 | without changing the value of n(G).

Figure 3.2:

Theorem 3.1.5. [15] Let G1 and G, be two bipartite graphs. If 7n(G1) =0, and
if the graph G is obtained by joining an arbitrary verter of Gy by an edge with an

arbitrary vertez of Gq, then the relation 7(G) = n(Gsq) holds.

Theorem 3.1.6. [15] Let G be a bipartite graph in which there does not ezist any
cycle of length ¢ = 0 (mod 4), then n(G) = n — 2q, where g is mazimum number

mutually nonadjacent edges in G.

Definition 3.1.7. [{9] Let V(G) and E(G) denote the veriez set {vy,va,...,Ua}
and the edge set of a graph G, respectively. The neighborhood of a vertezv €V
in G is defined to be N(v) = {u € V(G) | wwv € E(G)}. A nonzero vector
(1, Qg,...,a,) is a null-eigenvector of G if and only if for each v; € V(G) we

have 3, ey, @ = 0. Let A(G) = [C1,Ch, ..., Gy, where C; is the jth column
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vector of A(G). If G is singular and (oq,a3,...,0,)" is a null-eigenvector of

A(G), then the relation

a101+a202+---+an0n=0
is called a kernel relation of G.
Definition 3.1.8. A subset A of a vector space is said to be minimal dependent
set if
(a) A is dependent
(b) any proper subset of A is linearly independent.
Definition 3.1.9. [49] A pair Vi, V, of subsets of V(G) is said to satisfy the
property (N) if (a) V; and V; are nonempty and disjoint, and (b) U{N(v) |v €
Wi} = U{N() | v € V,}. Further, such a pair is said to be minimal satisfying

the property (N) if for any pair Uy, U, of V(G) satisfying the property (N) with

Uy C Vi, Us CV,, we have Uy = V3, Uy =Va.

Theorem 3.1.10. [49] Let G be a connected graph on n > 2 vertices. If G is

singular, then V(G) has a pair of subsets satisfying the property (N).

Definition 3.1.11. [49] A pair Vi, V2 of subsets of V(G) is said to satisfy the
property (S) if it satisfies the property (N) and for all pairs u,v in V;, ¢ = 1,2,

we have N(u) N N(v) = 0.
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Theorem 3.1.12. [49]If V(G) has a pair of subsets Vi and Vs satisfying the

property (S), then G is singular.

Theorem 3.1.13. [49] Let T' be a nontrivial tree. Then, the following statements

are equivalent.
(a) T is singular.
(b) There exist subsets Vi and Vo of V(T') satisfying the property (N).

(c) There ezist subsets Vi and Vz of V(T satisfying the property (S).

Theorem 3.1.14. [49] A unicyclic graph G is singular if and only if there is a

pair of subsets Vi and Vy of V(G) satisfying the property (N).

Definition 3.1.15. [49] An elementary unicyclic graph is a graph G which is
either a cycle or is obtained by attaching some pendent vertices to a cycle. An
outer matching of a unicyclic graph G which is not elementary is a matching My
in G such that G — V(M) is the disjoint union of an elementary unicyclic graph

and a set of isolated vertices (possibly empty).

Proposition 3.1.16. [50] Let G be an elementary unicyclic graph on n vertices
having a pendant. Then n(G) = n — 2q, where q is the mazimum number of

mutually nonadjacent edges in G.

Theorem 3.1.17. [50] A unicyclic graph G is singular if and only if one of the

following holds:
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(a) G is singular elementary.

(b) G is obtained from a singular elementary unicyclic graph Gy by attaching

trees at vertices of Gy such that the graph G —V (Gy) has a perfect matching.

(c) There exists a tree T, attached at a vertex u of the cycle with uv as the

attaching edge such that none of T, and T,, — v has a perfect matching.

Theorem 3.1.10 gives a necessary condition for G to be singular. Theo-
rem 3.1.13 and Theorem 3.1.14 shows that this necessary condition is also suffi-
cient for unicyclic and acyclic graphs. In general, this condition is not sufficient.
For example, consider the graph 00(3,3,3) [ see Figure 3.3 | on the vertex set
{1,2,3,4,5,6,7,8}. Then V; ={1,2,5,6}, Vo = {3,4,7,8} is a minimal pair in

00(3, 3, 3) satisfying the property (N), though 00(3,3,3) is nonsingular.

Figure 3.3: 00(3,3,3)

In section 2 of this chapter, we derive a necessary and sufficient condition for a
graph to be singular. We also prove two results which will be useful to find the
nullity of a graph. In section 3, we show how this characterization can be used

to find the nullity of a graph in B}
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3.2 Necessary and sufficient condition for a graph

to be singular

By A[n] we denote the multiset obtained by taking n copies of each element of
the set A. By A[n] U B[m| we mean the multiset obtained by taking n copies of
each element of the set A and m copies of each element of the set B. Clearly

A[1]U B[1] = AU B, if and only if A and B are disjoint.

Definition 3.2.1. A pair of subsets Vi = {v; |i=1,2,...,l} and Vo = {v; | i =
14+1,1+2,...,k} of V(G) is said to satisfy the property (NS) if (a) Vi and V;, are
nonempty and disjoint, (b) there ezist positive itegers ay, oy, . .., o1, B, Braas - - - Bk
such that U{N(v,)[as] | v, € Vi} = U{N(,)[8i] | v. € Va}. Further, such a pair
is said to be minimal satisfying the property (NS) if for any pair Uy, Uz of V(G)
satisfying the property (NS) with Uy C Vi, U, C Va, we have Uy = Vi, Us = V5.
Note that a pair V; and V; of V(G) satisfying the property (NS) satisfy the

property (N). Also a pair V; and V, of V(G) satistying the property (S) satisfy
the property (NS).

Theorem 3.2.2. A graph G is singular if and only if there exist a minimal pair
satisfying the property (NS).
Proof. (Proof of the necessary part) Let G be singular, therefore columns of

A(G) are linearly dependent. Let {Ci,Cs,- -+ ,Ci} be minimal dependent set of

columns of A(G). There exist non-zero integers oy, ag, ..., with g.c.d. equal
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to 1 such that

a101+a202+-~-+a;01=0

Let Vi = {v; | @y > 0} and V2 = {v, | a; < 0}. Since A(G) is nonnegative and

has no zero columns, V; and V; are nonempty. Clearly, Vi NV, = 0, and we have

> ayCi= > BiC, 3.2.1

€W v, €V2
where a; = —f;.
Let
X = U{N(v))[ey] | v; € 1}
and

Y = U{N()[8] | v; € Va).

'Let v; € X and it appears « times in X. Therefore there exist
Oy, Qg, ..., Qg € {aj ! ) € Vi}

such that v, € N(v,), where p=14,i+1,...,s; v; ¢ N(v.) forr ¢ {¢,i+1,...,5}
and o + @441 + ... + @, = 7 since G is without loops. Therefore a;, = 1, where
p=1i,4i+1,...,8;and a,, =0 for r ¢ {i,i+ 1,...,s}. This implies that the ith
entry of the vector 3, oy, @;C; is . In view of (3.2.1), the ith entry of the vector

Zu,- cv, B;C; must be . Consequently, there exist

ﬁjaﬁj-&-l)-"’ﬂt € {Bj "Uj € V"Z}

such that a; = 1, where p = j,j +1,...,% ai =0 for v ¢ {j,5+1,...,t} and
Bi+Bjs1+. ..+ B = . Therefore v; € N(v,), where p = 5,5 +1,..., v; € N(v,)

for r ¢ {4,5+1,...,t}, i.e.,, v; appears v times in Y = U{N(v;)[8] | v; € Va}.
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Interchanging the role of X and Y, we can show that if v; appears m times in Y,

then it also appears m times in X. Therefore X =Y.

(Proof of the sufficient part ) Suppose V(G) has a minimal pair V;, V; sat-
isfying the property (NS). Let Vi = {v1,vs,...,u} and Vo = {vi41, V142, .- -, Uk}

Therefore there exist positive integers g, as, ..., a, 81, Bia2, - - - B such that

U{N (v:)[os] | v € i} = U{N(v;)[Bi] | vi € V2}.

Now v; appears - times in U{N(v;)[e,] | v; € V1} if and only if it appears -y times
in U{N(;)[Bi] | v, € V2}. Therefore,

> oCi= > BC;, 322

v, eV vy €Va

which shows that the columns of A(G) are linearly dependent. =

Corollary 3.2.3. Let V1, V; be a pair in V(G) satisfying the property (NS). Let
z; be defined by

a, ifv; €WV,

Ty =9 -, ifv;€Vy 3.2.3

0 otherwise.

\

Then (21,2, . ..,2,)! is a null-eigenvector of G.

Example 3.2.4. For the graph G, [ see Figure 3.4 | V1 = {1,5,9,13} and V5 =
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11

G

Figure 3.4:

{3,7,11} is a pair satisfying property(NS). Since
NOEJUNG)IJUN@)[A]uNA3){1] = N@)[1]u N(7)[2] U N(11)[1],
therefore G is singular. Also, we see that
(1,0,-1,0,1,0,-2,0,1,0,~1,0,1)T

is a null eigenvector of G.

Before ending this section, we prove two results which will be useful for the

next section.

Lemma 3.2.5. Let G be a singular bipartite graph with bipartition V', V". If
Vi, Va2 is a minimal pair satisfying property (NS), then ViUV, C V' or UV, C

v,
Proof. The vertices of G can be labeled so that adjacency matrix takes the form
0 B
A= ( o B ) .
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, -
Let ( ;E,, ) be the kernel eigenvector of G corresponding to the minimal pair

ml

Vi, Vo. If 2’ # 0 and " # 0, then ( 0

) and ( xO” ) are also kernel eigenvectors

/
of G which are linearly independent of ( ;,, ) . Therefore V1, V; is not a minimal

pair for G. Thus either ' = 0 or 2" = 0. Without loss of generality let " = 0,

therefore V1, Vo, C V. u

Theorem 3.2.6. Let G be a singular graph with a minimal pair (V1, V3) satisfying
property (NS). If vy € ViUV, and G — v, is the induced subgraph of G obtained

by deleting vy, then n(G) = n(G —v1) + 1.

Proof. Let V(G) = {v1,v2,...,0,}. Without loss of generality assume V; =
{v1,v,...,vx} and Vo = {Vg41,Ve42. - ., Um}. Therefore there exist non zero real

number a;, where i = 1,2,3,...,m such that .
U{N (v3)[eu] | v, € Vi} = U{N(v;) ;] | v; € V2}.

Also A(G) has the following form

( 0 a2 a3 ... Qim N QAin \ '
(150 0 sz ... Qopm - Aon
a1z Qo3 0 e Q3m e aan
A(G) =
G1m Qom O3m ... O . G
: AG -ViUVh)
\ Q1n QG2n a3n ... Omp

where a;; are either 0 or 1. Applying the elementary operations By — a;y Ry +

asRp + ... + o Ry and Cp = 04C1 + 09Cs + ... + @ Cyp to the matrix A(G),

139)
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we see that

0 0 0 ... 0 .. 0 \

0 0 Qgs ... Qanp (15,7

0 ao3 0 ce. Q3m e Q3

AG)~ | ¢ i :
0 Ao A3m - -« 0 “en Amn
P : : A(G-VUV)
K 0 Q2n, QG3n ... Qmn }
0 0 0 . 0
0
=10
: A(G —v)
0
Thus 9(G) =1+ 7(G — vy). N
8
5 5 3
2 l ;4 3 2
9 &
6 7 1 6 7 I 1
10 10
G G-8
Figure 3.5:
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Example 3.2.7. The graph G in Figure 3.5 is singular. Note that V; = {§,l8} and
Vo = {16} is a minimal pair satisfying property(NS). Thus n(G) = 1+1(G —-8).
Also Uy = {9,1} and Uy = {38} is a minimal pair satisfying property(NS).

Therefore n(G — 8) > 1. Since (G — 8 — 3) = 0, therefore n(G) = 2.

3.3 Singularity of a graph in B;"

Proposition 3.3.1. Let §(p,1,q) be a 0-graph where p =1 = g =0 (mod 2), then

r

3 ifp=1l=q=2(mod4) orp=10=¢g=0 (mod 4),

n0(p,1,q)) =4 1 ifp=1=2 (mod 4),q = 0 (mod 4)

orp=1=0 (mod 4),q = 2 (mod 4).

Proof. By Theorem 3.1.4, we have

n(6(2,2,2)) ifp=1=¢=2(mod4),

0(4,4,4)) ifp=1=q=4 (mod 4),
n(6(p.1,q)) = ZEGEZ 2, 4;; ifz = E‘:g (moc(ln:)), g =4 (mod 4),
n(0(4,4,2)) ifp=1=4 (mod 4),¢ =2 (mod 4).

Vo Uo

v1 U
0(2,2,2) 0(2,2,4)
Figure 3.6:
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Now ({wo}, {v1}) is a minimal pair in 6(2,2,2) [see Figure 3.6] satisfying prop-
erty (S). Therefore 6(2,2,2) is singular. By Theorem 3.2.6, 1(6(2,2,2)) = 1+
7(6(2,2,2) — vp) = 1 + n(Cy) = 3. Similarly n(6(4,4,4)) = 3.

Again ({uo}, {u1}) is a minimal pair in 6(2,2,4) [see Figure 3.6| satisfying prop-
erty (S). Therefore 6(2,2,4) is singular. By Theorem 3.2.6, 7(6(2,2,4)) = 1+
7(0(2,2,4) — uo = 1 + n(Cs) = 1. Similarly 7(6(4,4,2)) = 1. Thus the result

follows. . [ ]

Proposition 3.3.2. Let 8(p,l, q) be a 8-graph where p =1 = g =1 (mod 2), then

n{8(p,1,q)) =0
i e Un & > Ui
o« ad 0 o pod \d 9

0(5,5,1) G

Figure 3.7

Proof. By Theorem 3.1.4, we have

n(0(5,5,1)) ifp=1l=¢qg=1 (mod 4),

_ (0(3,3,3)) ifp=1=q=3(mod 4),
n(0(p,1,q)) = Z(e(s, 1, 33) iff; =l= ? (modnéll),q = 3 (mod 4),
7(8(3,3,1)) if p=101=3 (mod 4),g=1 (mod 4).

Consider the graph G which is obtained from 6(5,5,1) by attaching a single
pendent vertex [ see Figure 3.7 |. By Theorem 3.1.3, G is singular and 5(G) =
1. Also ({vo,vs,vs}, {ve,vs,vp}) is a minimal pair satisfying property (S). By
Theorem 3.2.6,

7(G) =14+ 9(G — vg) = 1+ n(6(5,5,1))



Chapter 3 Singularity of #-graphs

and therefore, 7(6(5, 5,1)) = 0. Similarly we can show that

n(8(3,3,3)) = 0 =n(6(5,1,3)) = n(6(3,3,1)).

Thus the result follows. u

Proposition 3.3.3. If0(p,l,q) is a 6-graph where p,| are even and q is odd, then

0 ifp+120 (mod 4),
n(0(p,1,q)) =
1 ifp+1=0(mod 4).

Vg

[ 4
[ ]

*
!

V2

- " I
V3
6(2,2,1) 0(2,4,3) G

Figure 3.8:

Proof. Let p=1= 2 (mod 4) and ¢ =1 (mod 4). By Theorem 3.1.4, we have

n(6(2,2,1)) ifg=1 (mod 4),

6(2,2,3)) if ¢=3 (mod 4),

n(6(p1,9)) = Z&a&, 4, 1)3 if Z =1 Eﬁﬁd 43,
n(6(4,4,3)) if ¢ =3 (mod 4).

Also ({vw}, {v2}) is a minimal pair in 6(2,2,1) | see Figure 3.8 | satisfying prop-
erty (S). By Theorem 3.2.6, 1(6(2,2,1)) = 1 + n(6(2,2,1) — vo) = 1. Similarly

considering other cases we can show that n(6(p,l,q)) = 1.
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Again let, p+1 # 0 (mod 4), therefore either p = 2 (mod 4), { = 0 (mod 4) or
p = 0 (mod 4), | = 2 (mod 4). Suppose p = 2 (mod 4) and [ = 0 (mod 4). By

Theorem 3.1.4, we have

6(2,4,3)) if ¢ =3 (mod 4),
(6,1, 9)) = { zg(;%z,zl, 1)% ifgz 1 %ﬁﬁd 4).

Consider the graph G of Figure 3.8. Then ({vo,v3}, {v1,v2}) is minimal pair
satisfying property (NS). Therefore G is singular. By Theorem 3.2.6,

n(G) =1+ n(G —vs) = 1+ 7(0(2,4,3)).

Also n(G) = 1+7(G —vs) = 1, therefore, 7(6(2,4,3)) = 0. Similarly we can show
that 7(6(2,4,1) = 0. Thus the result follows. u

Proposition 3.3.4. If 8(p,l,q) is a 8-graph where p,1 are odd and q is even, then

0 ifp+1#£0 (mod 4),
n(@(p.1,9)) =
1 ifp+1=0 (mod 4).

S~~~ e

6(1,5,2) G

Figure 3.9:
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Proof. Let p+! # 0 (mod 4). Therefore either p=I=1(mod4)orp=1=
3 (mod 4). Let p=1=1 (mod 4). By Theorem 3.1.4, we have

(6(1,5,2)) if g=2 (mod 4),
n(6(p,1,9)) = { Z(egl,a 43) if 3 =0 (god 4).

Consider the graph G of Figure 3.9. Then G—v,4 = 6(1,5,2). Now ({vo, v}, {ve, vs})
is a minimal pair satisfying property (NS). Therefore G is singular. By Theo-
rem 3.2.6,

n(G) =1+ (G —vg) = 14+ 1(6(1,5,2)).
Also by Theorem 3.2.6, n(G) = 1+ 1(c0(3,0, 3)). Since co(3, 0, 3) is nonsingular,
therefore 1(6(1,5,2)) = 0. Thus 7(6(p,!,q)) =0if p=1=1 (mod 4). Similarly,
we can show that, 7(8(p,l,q)) =0if p=1= 3 (mod 4).

Yo U1 .

Vg Vg >

6(1,3,2) _ 6(1,3,4)
Figure 3.10:

Let p+! =0 (mod 4). Solet p =1 (mod 4),! = 3 (mod 4). By Theorem 3.1.4,

we have
6(1,3,2)) if ¢ =2 (mod 4),
n(0(p.1,q)) = { Zéa&, 3.4)) if 7= 0 (mod 4).

Now ({vo,v1},{v2,v3}) is a minimal pair in 6(1,3,2) [see Figure 3.10] satis-
fying property (NS). Therefore 6(1,3,2) is singular. Also by Theorem 3.2.6,
n(6(1,3,2)) = n(6(1, 3,2) — vo) = 1. Similarly, we can show that 7(6(1,3,4) = 1.

Thus n(6(p,1,q)) =1, if p-+1=0 (mod 4) and g is even . u
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Singularity of elementary #-graph: Let Gy be an elementary -graph with
pendent vertices. Let v be a pendent vertex in G attached at u of Gy. Then by
Theorem 3.1.3, (Gy) = n(Go — wv). Since Gy — uwv is disjoint union of a tree or
a unicyclic graph and a set of isolated vertices (possibly empty), we can find the
nullity of Gy — uv.

Definition 3.3.5. A matching M, in a graph G in B} is called an outer matching

in G if G — V(M) is the disjoint union of an elementary -graph and a set of

isolated vertices (possibly empty). ( Note that My = 0, if G is elementary.)

Remark 3.3.6. If G is a graph in B;* which is not elementary, then we construct
an outer matching M, as follows. Let u; be a (pendent) vertex which is at a
maximum distance from 6(p,l,q) in G and v; the vertex adjacent to u;. Then v;
is not on #(p, !, q), since G is not elementary. We choose the edge e; = u;v; as an
edge in My. Clearly, G — u; — v; is a disjoint union of a elementary #-graph G
and a set of isolated vertices (possibly empty). If G; is not elementary, we can
choose another edge for My by the same process, and then proceed recursively.

The process must terminate and an outer matching M, of G is obtained.

Example 3.3.7. Consider the graph G given in Figure 3.11. Here the set My
of edges in bold face in the figure is an outer matching of G. The corresponding
elementary 0-graph is Go(depicted in the figure)and the set of isolated vertices of
G — M, is {17,21}.
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18 22
2 4 5
1|
16 19 3 6 19
13 el
15 14 7 2 7 2
£ 4
12 IOI 1 12 101 1
11¢ 11
G Gy

Figure 3.11: An outer matching and the resulting elementary #-graph

We denote the set of isolated vertices and the elementary component of G —

\

V(My) by Ap and Gy, respectively.

Theorem 3.3.8. A graph G in B;" is singular if and only if one of the following

holds:
(a) G is singular elementary 0-graph.

(b) G is obtained from o singular elementary 0-graph Gy by attaching trees at

vertices of Gy such that the graph G — V(Gy) has a perfect matching.

(c) There exists a tree T, attached at a vertex u of the 6-graph with wv as the

attaching edge such that none of T, and T, — v has a perfect matching.

Proof. Suppose G is not elementary and choose an outer matching M, of G. Let
G — V(M) be the disjoint union of the elementary #-graph Gy and a set Aq of
isolated vertices (possibly empty). We note that G is obtained by attaching trees
at the vertices of Go. In view of Theorem 3.1.3, we have 5(G) = n(Gy) + [Ao|.
Therefore, G is singular if and only if either Ag # 0 or Gy is singular. If Ag = 0,

then G — V(Gp) has a perfect matching, and therefore G is singular if and only
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if (b) holds. Suppose Ag # @ and w € Ag. Let T, be a tree in G, attached at
a vertex u of the §-graph with wv as the attaching edge, of which w is a vertex.
Since w € Ag, T, does not have a perfect matching. Moreover, if T, — v has a
perfect matching, then v is a vertex of Gy. In that case, w is a vertex of T, — v

and therefore is in V/(Mp). Since this is not the case, therefore (c) holds. n

Corollary 3.3.9. If G is a graph in B}’ which is not a -graph then

M(G) = n(Go) + |Ad|

Example 3.3.10. The graph G in Figure 3.11 has nullity, n(G) = 2+n(Gy) = 4,

since 7(Gp) = 2.



Chapter 5

On the energy of unicyclic graphs

In this chapter, we study the energy of a unicyclic graph. Our main tool for this

study will be “ Coulson integral formula ” for energy of a graph.

5.1 Introduction

Let G be a simple graph on n vertices and let A(G) be its adjacency matrix. The

characteristic polynomial of A(G),

$(G; X) = det(M — A(G)) = ) _ iz, 51.1

=0
where I is the unit matrix of order =, is the characteristic polynomial of G. The
eigenvalues of A(G), denoted by Az, Mg, ..., A, are the eigenvalues of G. Since

A(G) is symmetric, A; are all real.

The energy of a graph G is defined to be
E(G) =) _ Il
1=1

If the characteristic polynomial of G is as in (5.1.1), then the energy of G is
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given by the Coulson integral formula (see {26, 29]):

L oo (A N fmm 2
E(G) = 5 /_m —n [(g(-l)’agjm%) + (;(—I)Jazjﬂmzﬁl) } :
For an n-vertex graph G let b, = 0,(Q) = |a;(G)|, ¢ = 0,1,...,n, where q;
are the coefficients of the characteristic polynomial of G, as in (5.1.1). Note that
bo(G) = 1, bi(G) = 0 and by(G) is the number of edges of G. If G is bipartite,
then for k > 0, bop+1 = 0. Let m(G, k) denote the number of k-matchings of G.
If G is acyclic, then for k > 0, by = m(G, k) = (—1)*ay. It is both convenient

and consistent to define m(G, k) = 0 and b,(G) =0 for k£ < 0.

Lemma 5.1.1. [27] If G is a unicyclic graph with a circuit of size l, then for all
k>0, (—1)*ag > 0. Further, (—1)*agkt1 > (resp. <)0ifl=2r+1 andr is
odd (resp. even).

If G is a unicyclic graph, then by means of Lemma 5.1.1, formula (5.1.3)

reduces to
L e n/2] 2 iy
E(G) = = = ln Z by JZO bojpr . 5.1.4

Thus, in case of unicyclic graphs E(G) is a monotonically increasing function of
b(G),i = 1,2,...,n. Consequently, if G and H are graphs with at most one
circuit such that

b,(G) > b;(H) 5.15
holds for all ¢ > 0, then

E(G) > E(H). 5.1.6
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Equality in (5.1.6) is attained only if (5.1.5) is an equality for all > 0. This fact
provides us a way of comparing the energies of graphs in the class of unicyclic
graph order n and the quasiordering is thus introduced. If relations (5.1.5) holds
for all 4, then we write G = Hor H < G. If G > H but not H > G, then
we write G > H. With this quasiordering, the above result can be restated as

follows:

Lemma 5.1.2. Let G and H be unicyclic graphs. Then G > H implies E(G) >

E(H), and G » H implies E(G) > E(H).

5.2 Energy of unicyclic graphs with §; =2

L

Gs(k) Ga(k) Cs

Figure 5.1: The graphs when 8; = 2

Theorem 5.2.1. G3(1) < G3(2) < ... < G5 ([%3]).
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Proof. We have
a2(Gs(k)) = —n,

a3(G’3(k)) = —-2,
ay(Ga(k)) =k(n ~k—2) +n—k— 3.

and

a,(Gs(k)) =0, forall i>5
f(k) = ay(Gs(k)) =k(n —k—2)+n—k -3,

flk) = n—k-2-k-1

= n-2k—3>0, fora11k<7—‘—;-§.

Thus f(k) is an increasing function of k£ and takes maximum value when k = 22:—31

Therefore by Lemma 5.1.2, the result follows. =

Theorem 5.2.2. G4(1) < G4(2) < ... < G4 ([%2]) .
Proof. We have
az(Gs(k)) = —n,
as(Gy(k)) = -2+k(n—k—-2)+2(n—k-3)
= kin—-k—-2)+2(n-k—4).
and a;(G4(k)) = 0, for other value of i. Now
f(k) = bs(Ga(k))

= |aa(G4(R))|

= k(n—-k—-2)+2(n—k—4),
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fl(k) = -k+n—-k—-2-2

= n—2k—4>0,for all 1c<"'"‘—-2~—4

Thus f(k) is an increasing function of k and takes maximum value when k =

"—-—;5. Thus by Lemma, 5.1.2, the result follows. =

5.3 Emergy of unicyclic graphs with g, =3
If 81(G) = 3, then G is one of the form as shown in Figure 5.2.

Theorem 5.3.1. G3(1,n—5,1) <X Gs(k,l,m) forall k,iim>1 and k+14

m+3=n.
l
m
Gs(k, 1, m) Gi(k,1,m) Gu(k,1,m)
G4(k,l1m) GS(k l gj

Figure 5.2:
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Proof. We have

by(Gs(k,1,m)) = n,
bs(Gs(k)) = 2,
ba(Gs(k,1,m)) = laa(Ga(k,l,m))|
= k(l+m+1)+({+m)+Im,
be(Gs(k,l,m)) = lae(Ga(k,l,m))l

= klm.

Let k,I,m and n be positive integers with k,l,m <n -5 and k+{+m=n -3
and at least one of k and | is greater than or equal to 2 without loss generality
assume that k =1and ! >2and k+Il+m=n—31+m = n— 4. Now we show
that a4(G3(1,n—5,1)) < as(Gs(k,l,m)) and ag(G3(1,n—5,1)) < as(Gs(k,I,m)).
If possible let

a4(G3(1,n - 5? 1)) _<_ 0,4(G3(k, lam))
= m+2)+m+)+m>{U+m+1)+(m+1)+Im
=m+2>2+Im

=1>1
Which is a contradiction to [ > 2. u

Similarly we can prove that ag(G3(1,n — 5,1)) < ag(Gs(k,l,m)).

Theorem 5.3.2. Gs(1,n —5,1) < G3(2,n — 7,2) < ... < Gs(p,n ~ 2p — 3,p),
where p=[253].
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Proof.We have

ay(Gs(k,n —2k—3,k)) = kin—k—-2)+n—k—-3+k(n—-2k-3),

as(Gs(k,n — 2k — 3,k)) = k*(n—2k—3).

Both these integer valued functions are increasing in 1 < k < [%52] and have

maximum value if k = [%:2] . Thus the result follows. -

Theorem 5.3.3. Let G*(k,l,1) be the unicyclic graph as shown in Figure 5.2,

then

n—>a

(LLD =G3(2,L,)<... <G} ([T] ,l,l) .
Prof: We have

b(G3(k, I,m)) = n,
b3(G3(k)) = 2,
b(Gik,l,m)) = |as(G3(k,1,m))|
= kin—k—-2)+2m+1)+(+m+1)+im+1)+m,
be(G3(k,1,m)) = |as(G3(k,l,m])|

= k(l+1)(m+1)+km+Il(m+1)+m.
Therefore,

ba(GLk,1,1) = k(n—k-2)+24+n—k-5+n—k—4+n—k—5

—{%(n —k - 5)2
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And hence

4(Gi(k, 1, 1))

= (n—k—Z)—k—l——l——l—%(n-—k——5)

e n—2k-5-1—(n—k—5)

2
1 3 7

= Zn—-2k-=

2 2 2
n-—17

> 0, for all k<~—§——.

Thus by(G%(k,1,1)) is an increasing function of k¥ and attains maximum value at

k= (255

bG(Gg(ks l’ l)) =

6(G3(k, 1,D) =

EQ+ 12+ Kk +11+1)+1

k[%(n k-5 + 1P+ 2k[—;~(n —k—5)|+

-;-(n_k—5)(%(1;,—k—5)+1)+%(n—k——5),

[%(n-—k—5)+1]2+2k[—;—(n—k—5) +1](—-§)+
1 1 1..1
S~ k=8) = sk+ (35 —k-5) +1]+

(~3)5m—k-5~3

-;—(n—k~—3) +2k(-—i—)(nk—~3) + —;—(n— k—5) -

1 1 1 1
%(3192 ~ k(4n — 10) +n® — 6n + 5)

0 when k < %(27»—-5 - vn? - 2n + 10).

Therefore bg is an increasing function of £k for 1 < k£ < [ﬂgﬁ] Thus the result

follows.

Similarly we have the following theorems.
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Theorem 5.3.4. Gs(1,1,1) < Gs(I,1,1) < ... < G5 (I, [258] , 1) .

Theorem 5.3.5. G4(0,0,1) < G4(1,1,1) <... < Gy ([%ﬁ] 1)

Proof. We have

bg(G4(k,l,m)) = n,
by(Ga(k,l,m)) = kl+m+2)+{+m+1)+({+1)+Im+m,
be(Gs(k, 1, m))

km(l+1) +Im.

Now

by(Gs(k,1,1)) = K@+2)+@+1)+@+1)+1+1,

be(Ga(k,1,1)) = Kki(l+1)+Ik.

Both are increasing function of &k on 0 < k < [%%]. Thus the result follows. g

Similarly we have the following proposition.

Theorem 5.3.6. G4(1,0,1) < G4(1,1,0) <... < G+ (1, [%52],0) .

Theorem 5.3.7. G4(0,4,1) < Ga(L,1,1) < ... < G4 ([2352] . 1,1) .
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Proof. We have

bo(Gy(k,l,m)) = n,

by(Gy(k,l,m)) El+m+3)+2(l+m+2)+2m+im,
b6(Ga(k,l,m)) = km(l+2)+2(+1)m,
ba(Ga(k,1,1)) = Kk(2A+3)+2(21+2) +21+1°
= kfn—k—2)+2n—k-3)+(n—k=5)+(n~k-5
By(Galk, 1,1) = —k+n-—k~—2—2—1—%(n—k—~5)
n—>

1
= —-(n—5— < —.
2(n 5—3k)>0, forall k < 3

Therefore b;(G'4(k, l,1)) is an increasing function of kin 0 < k < [I‘gé]
be(Ga(k,1,1)) = Kl(l+2)+2(1+ 1)1
1 1 1 1
= k[-2—(n —k- 1)][5(71 ~k-35)]+ 2[§(n —k— 3)][§(n ~k —5)]

= i-(k(n—k-1)(n—k—5)+2(n—k—3)(n—k—5)),

b(Ga(k,1,0)) = 2(3/& — 4kn + 11k + n® — 5n + 21)

> 0, forall ¥ < é(4n ~ 11 — V4n2 — 28n — 108).

Therefore bs(G4(k,1,1)) is an increasing function of k in 0 < k < [252]. u

Similarly we have the following theorems.
Theorem 5.3.8. G4(1,0,1) < Ga(l,1,1) < ... < G4 (I, [%58] 1) .
Theorem 5.3.9. G4(1,1,0) < G4(1,1,1) < ... < G4 (1,1, [253]) -

Theorem 5.3.10. If Gs(k,n -k —5) is a unicyclic graph as shown in Figure 5.2
then G5(0,n — 5) < Gs(1,n—6) < ... < G5 ([%3] ,n -5 - [%52]).
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Proof. We have

bo(Gs(k,n—k—5)) = n,

ba(Gs(kyn—k=5)) = k(n—k-2)+2+(n—k—3)+(n—k—4)+
(n—k-5),

bs(Gs(k,n—k—5)) = 2,

bs(Gs(k,n—k—5)) = 2k(n—k-5)+(n—k—25).

Since by(Gs(k,n — k — 5)), be(Gs{k,n — k — 5)) are increasing function of k in

0 < k < [252]. Hence the result follows. -

Theorem 5.3.11. If Gg(k,n —k —6) is a unicyclic graph as shown in Figure 5.2

then Gg(0,n —6) < Gg(1,n—T7) <... < Gs ([n—}z] ,n—=6— [&2:1])
Proof. We have

by(Ge(k,n — k —6)) = n,
by(Gs(k,n —k—6)) = k(n—k—-2)+2n—-k-3)+(n—-k—-4)+(n—k-5),

be(Ge(k,n —k—6)) = 3k(n—k—6)-+3(n—k—6).

Since by(Ge(k,n — k —6)) and bs(Gs(k.n — k — 6)) are increasing function of k in

0 < k < [%7]. Hence the result follows. n
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On the distance spectral radius of graphs

In this chapter we study the distance spectral radius of graphs. In section 2, of
this chapter we give a special type of operation on a class of simple graphs in
order to increase its distance spectral radius.

Trees are very common in the theory and applications of combinatorics. In’
section 3, we have determined the graphs with maximal and minimal distance

spectral radius in the class of tree like graphs.

6.1 Introduction

The distance between two vertices u,v € V is denoted by d,, and is defined as
the length of a shortest path between u and v in G. The distance matrix of G
is denoted by D(G) and is defined by D(G) = (duy)uwev- Since D(G) is a real
symmetric matrix, all its eigenvalues are real. The distance spectral radius p(G) of
G is the largest eigenvalue of its distance matrix D(G). Since D(G) is irreducible,
by the Perron-Frobenius Theorem, the eigenvalue p(G) is simple, and there exists
a unique (up to multiples) positive eigenvector corresponding to p(G). The unique

normalized eigenvector corresponding to p(G) is referred as the Perron vector of
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D(G).

Let G be a connected graph. Let deg(v) (or dege(v)) denote the degree of
the vertex v in G. A pendant path of G is a walk vyv; ... vs(s > 1) such that
the vertices vy, v1, - . . , U, are distinct, deg(vy) > 2, deg(v,) = 1, and deg(v;) = 2,
whenever 0 < ¢ < s. And vy, s are called the root and the length of the pendant
path, respectively.

Let z(G) = (x1, 2, - - , Tx)t be an eigenvector of D(G) corresponding to p(G).

Then
p(Gzi= Y dya;. 6.1.1

v, €V(G)
6.2 Operating a graph to increase the distance

spectral radius

Here we give a graph transformation which will increase the distance spectral

radius for a special class of simple graphs.

m m
N E k-l..1 +1_ k k=11  Hae
k+2 k+2 k+2=c¢
k+3=v
k+3 E+4" T8 % +3 k+3 EFEETTEE+3
n n
G G'

Figure 6.1: The graphs Gi; and G’ in Lemma 6.2.1
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Lemma 6.2.1. Let u and v be two non adjacent vertices of a connected graph G
such that ¢ € Ng(u) N Ng(v) and all other vertices of G are equidistant from u
and v. For positive integers k and |, let Gy, denote the graph obtained from G by
adding paths of length k at u and length | at v. Let m € Ng(u) and n € Ng(v)

and G' = Giy — {(u,m), (v,n)} + {(m, ), (n,c)}. Then p1(G") > p1(Gry)-

Proof. We label the vertices of Gy, G asin Figure 6.1. We partition V(G,;)
into AU{k+2}U{k+3}UBUC, where A= {1,2,...,k+1}; B={k+4,...,l+
k+3}; C = {jldist(j, k + 1) = dist(j, k + 3)}.

When we pass from Gy, to G, the distances within AU{k+2}U{k+3}UB
and within C are unchanged; the distances between A and C, {k+3} and C
are increased by 1; the distances between {k+2} and C is decreased by 1; the
distances between B and C is increased by 1.

'If the distance matrices are partitioned according to A, {k+2}, {k-+3}, B and

C, then their difference is

0 0 0 0 ealeo)
O. 0 0 0 —-(ec)'1
D(G) — D(Gyy) = 0 0 0 0 (ec)*
0 0 0 0 €p (ec)t
eclea)! —ec ec ec(ep): 0
where ¢; = (1,...,1)* and i = 4, B, C.
Il
2
Let z = (z1,...,Z,)" be a positive eigenvector corresponding to p1(G,). Then

we have

(@) - (@) 2 52(D(E) - D(Gr)e

= (ny +Z“’j + Thy3 — mk+2)§:1‘1

JEA jEB jec
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By (6.1.1), we have

p1(Gk'1)IBk+1 = kxi-+ (k — l)CL’g + ..+ Tk + T2 + 2Tp43

+ o+ (+ DT + Y d(k+ 1, 5)z; 6.2.2
jec

£1 (G’k,g):z:,H.Q = (k + 1).’61 +Ekro+ ...+ 22k + Ty1 + Tiys

+22epa+ .+ (U DIigres + »_ d(k+2,5)z, (623
Jec

p1(Gi)Ters = (k+2)z+ (K +1)zg + ... + 3Tk + 2Tp41 + The

+Zppq+ ... FlTpis + Z d(k + 3,j)$j 6.2.4
jec

Now (6.2.2)+(6.2.4)-(6.2.3) gives

) (Gk,l)($k+1 + Ttz — $k+2) = (k‘ + 1)1‘1 +kxo+ ...+ Thp1 + 2Tpq2 + Thas

+oh (U Dapes + Y (d(E+1,5)

jeC
+d(k+3,j) —d(k+2,5))z; >0 6.2.5
Since py > 0, therefore by (6.2.5), we have
(Trt1 + Tors — Trt2) >0 6.2.6
Using (6.2.6) in (6.2.1) we get p1(G) > p1(Gry). .
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6.3 On the distance spectral radius of tree like
graphs

Definition 6.3.1. Let T be a tree on vertices 1,...,n and G be any graph of order
m. Then TC is the graph obtained by taking n copies of G, and if {i,j} € E(T),
then every vertez in the it" copy of G is made adjacent to its corresponding vertex

in the j** copy of G.

Observe that the order of T¢ is em, and when G = K, we have that T¢ = T.

We call the tree T the parent of TC.

Example 6.3.2. Here we consider T = P3, the path on 3 vertices and G = Cs,

the cycle on 3 vertices. The graph P303 is shown in Figure 6.2.

L2 3 N/

)

Cs
P3

Figure 6.2: The graph P303

Let T¢ be the class containing all T¢, where T is a tree of order n and G is
a graph The graphs PS¢, S¢ € Tg, are called a G-comb and a G-bell, respectively
[ see Figure 6.3]. By length, centre and end vertezr of a G-comb we mean the

length, centre and end vertex of its underlying parent path, respectively.
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Definition 6.3.3. A graph G is said to be obtained from a graph H by attaching

a graph K to a vertex subset Vi of V(H), if G — V; has a component K.

Figure 6.3: The graphs P¢ and S¢

6.3.1 The transformation

Here we give a graph transformation in the form of lemmas which will be useful

to derive our main results.

Lemma 6.3.4. If G; is the graph obtained form P,f" by attaching a graph G* to
a subset of the vertex set of the ith copy of Gy, in P&, then p(Gi_1) > p(G,) for

al1<i<|4]

Proof. Let the vertices of G L&] be labeled as in Figure 6.4. Suppose k is even
and Py = vgv1 ... V241 Let V, = V(GY) = {w},w?,...,w} denote the vertex
set corresponding to the i** copy of Gy, where w} = v;, for 0 < ¢ < 2d + 1. Let
Gejr = Ga) — YuevyveNgs(w) W T+ D ueVy 1 weNge (w) WUs and X be the Perron

vector of D(GLg J). Suppose X, denotes the component of X corresponding to
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Vo 1 Vad V2d+1

vo ”n dfl-1 Vd+1 Vd+2 V2d Vad+1l

Gt
CGig)-1
Figure 6.4: The graphs GL% | and GL% j-1 in Lemma. 6.3.4

the vertex v € GL%J‘ Let us denote p(GH;-J) = p and p(GL-§J~1) = py. Then from

GL%J to Glgj_l, we have

1 1

=YX Y X- ) X 6.3.1

veEG* vel 211y, vGU;‘;OI v,

1z=d

I3 ezt v, Xo > 2 ue -t v, X, then by (6.3.1) we get,

P2 > p1. 6.3.2
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Assume that 3, ¢ pat1y, Xy < 3 pe -1y, Xo. Then using (6.1.1) we get,

A1 (de - de+1)

= Y X- ) X-) X

vel24it, vi velig v veG®
< =) X— ) X, <0
vEVy veEG*
= Xy < Xogpr-
6.3.3
Similarly we get,
Xug < Xus s 6.3.4
whered<i<2d+1,and 1 <j<m.
Again by (6.1.1), when 2 < i < d, we have
pl(X‘Ud—-z - X'Ud+:+1) - p1 (de—ﬂ-l - XU.{»{-;)
o [ )DEETD SR
velJ22ivi velio Vi
i—-1 m
-2y [Z (X, — Xwi_k)] X, -3 X, 635
=0 | j=1 veVy
We now prove that Xw,’,_, < waz+1+1' for 1 <i<d, and 1 € j <m, by induction
on 4.
Ifi=1, then

pl(wa_l - Xt ) - pl(Xwé - X"5+1) = pl(X’Ud—-l - de+2) - Pl(de - de+1)

Wire
=2 Y X,— Y. X <o

2d--1 d—1
VGU|=:+2 V‘ veU::O ‘V‘
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Therefore, X,  — X, , have the same sign as X3 — X1, Hence by (6.3.4),

Xp < thlm. Similarly we can prove XW$_1 < Xw{;n’ where 2 < 7 < m.

Wy

For i > 2, by induction hypothesis we have,

X

d—k

Xw‘,M“, for0<k<i—-1, and1<j<m.

Therefore,

1~1 m
—22 [Z (wai+k+1 - X"’fi-k)] Xy <0.

k=0 Lj=1
Thus by (6.3.5) and induction hypothesis, we have

pl(Xw}i_| - Xw§+‘+1) - pl(")(w}i_w_1 - thh_,)

= M (de—, - X’”d-&-ﬂ-l) - pI(de-:-H - X’”d+z)

< 0
=Xy, —Xuy, ) < Xy, =Xy ) <0,
=Xy - thm <0. 6.3.6
Similarly we can prove that
X’w:’i—-t - chji+s+1 < 0’

for 1 <i<d, and 2 < j < m. Therefore we have,
Y x< ¥ ox< ¥ %
veliss Vs vel2Zhi. vi vel225 i
a contradiction to our assumption Zueufiﬁl v, Xy < Zueuf’;& v, Xu. Hence

YooXo> ) X,

UGU2d+1 |4 vE ?;01 \A

v=d

and (6.3.2) holds, i.e. p2 > p1.
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Let Y be a Perron vector of D(G||_,). Then we must have Zveuﬁzlm Y, >

> veyi=t, Yo. Otherwise,

o)

v

1
‘Q‘Yt(D(GL!;J) - D(GL§J—1))Y

vEG® velt v, vel 2V,
> 0

= p1 > pg, acontradiction to (6.3.2).

Let GI_%J—2 = G[%j—-l - ZueVd_l,veNG-(u) uv + ZuEVdMg,veNgy (u) uv. If P3 denotes

p(GL§J_2), then
-—lp-—-p > —-1YtDG - D(G Y
2( 3 2) = 9 ( ( [g'-j-—2) ( [”25]"1))

-Y%| T %- ¥ %[0

vEG* velUJ2251, V. velUi3vi
=p3 > po.

Repeating the above procedure, we can get a sequence of graphs
GL%J, GL%J_I’ GL%J-—2’ veey Gt, where 2 S A _<_ d+ 1,

such that

p(Gx)) < p(Gixy) < ... < p(Gy).

If we take P = vyv; ... vy, then also proceeding as above we can get the same

conclusion. "
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6.3.2 Graphs with extremal distance spectral radius in 7¢

Theorem 6.3.5. The G-bell SS uniquely minimizes the distance spectral radius

inTg.

G‘
GI G”

Figure 6.5: The graphs G’ and G” in Theorem 6.3.5

Proof. If the parent tree has orcer at most 3, then 7g = {Sf} or T = {S5'}
or T = {S§}. So the discussion is trivial in this case. Assume that the parent
tree has order at least 4. Let G’ € Tg be a graph with minimal distance spectral
radius. We claim that G’ is a G-bell. If not, then there exists one G-comb P§ of
length 2 as an induced subgraph of G, such that G’ is obtained by attaching a
graph G* at the vertex set of the first or the third copy of G in P§ [Figure 6.5].
If V; is the vertex subset corresponding to the ith copy of the G-comb P§, where
1<i<3,and G" =G =3 v veNs () UV T Douchs vege (w) U 18 @ graph in Tg,
then by Lemma 6.3.4, we get p(G’) < p(G"), a contradiction to the minimality
of G'. | ]

Theorem 6.3.6. The G-comb PC uniquely mazimizes the distance spectral radius
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in Tg.

Proof. Let G’ be the graph in 7g with maximal distance spectral radius. If
G' # PE, then G’ has an induced subgraph P for some k. Then by Lemma 6.3.4,
we get another graph G” in 7¢ with larger distance spectral radius, which is a

contradiction. Therefore, G' 2 PS. =
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Open Problems for further research

From the literature it is apparent that although the spectral properties of graphs
have been investigated quite extensively, only the surface of this subject has been
scratched so far. Many interesting problems are still open and following are some

of them.

7.1 Adjacency Spectrum

1. The characterization of singular graphs by their graph theoretic properties
is not solved. Although the singular bipartite graphs have been studied to
some extent, the singularity of non-bipartite graphs has not been studied

that much.

2. The problem of determining the graphs with maximal adjacency spectral
radius has received much attention and has been studied extensively. But
the similar problem regarding the minimal adjacency spectral radius has not
been investigated as much. For example, following are some open problems
in this direction.

(i) Determining the graphs with minimal adjacency spectral radius among
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all graphs with a given number of cut-vertices.

(ii) Determining the graphs with minimal adjacency spectral radius among

all graphs with a given number of cut-edges.

(iii) Determining the graphs with minimal adjacency spectral radius among

all graphs with a given vertex connectivity.

(iv) Determining the graphs with minimal adjacency spectral radius among

all graphs with a given edge connectivity.

7.2 Distance Spectrum

The study of the spectral properties of the distance matrix of a graph is relatively

new and is much more difficult than that of the adjacency matrix.
1. Some open extremal problems regarding the distance matrix are as follows.
(i) Determining the graphs with maximal distance spectral radius among
all graphs with a given number of cut-vertices.

(ii) Determining the graphs with maximal distance spectral radius among

all graphs with a given vertex connectivity.

(i) Determining the graphs with maximal distance spectral radius among

all graphs with a given number of cut-vertices and given matching.

2. Even much less is known about the spectrum of the distance matrix of a
graph as a whole. In other words, the characterization of graphs by their
distance spectrum is an open problem, which is much more difficult than

the corresponding problem regarding the adjacency matrix of a graph.
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